At present H5N1 avian influenza is a zoonotic disease where the transmission to humans occurs from infected domestic birds. Since 2003 more than 500 people have been infected and nearly 60% of them have died. If the H5N1 virus becomes efficiently human-to-human transmittable, a pandemic will occur with potentially high mortality. A mathematical model of avian influenza which involves human influenza is introduced to better understand the complex epidemiology of avian influenza and the emergence of a pandemic strain. Demographic and epidemiological data on birds and humans are used for the parameterization of the model. The differential equation system faithfully projects the cumulative number of H5N1 human cases and captures the dynamics of the yearly cases. The model is used to rank the efficacy of the current control measures used to prevent the emergence of a pandemic strain. We find that culling without repopulation and vaccination are the two most efficient control measures each giving 22% decrease in the number of H5N1 infected humans for each 1% change in the parameters. Control measures applied to humans, however, such as wearing protective gear, are not very efficient, giving less than 1% decrease in the number of H5N1 infected humans for each 1% change in the parameters. Furthermore, we find that should a pandemic strain emerge, it will invade, possibly displacing the human influenza virus in circulation at that time. Moreover, higher prevalence levels of human influenza will obstruct the invasion capabilities of the pandemic H5N1 strain. This effect is not very pronounced, as we find that 1% increase in human influenza prevalence will decrease the invasion capabilities of the pandemic strain with 0.006%.
Introduction
Avian influenza (AI) is by far the most dangerous disease linking animal and human wellbeing today. Ten years ago, AI was a disease of poultry and wild birds of limited significance [7, 8] . Today, the emergence of a strain that can infect humans through bird-to-human transmission and kill nearly 60% of those infected [45] , has changed this perspective. But the real danger that this pathogen poses to the human health comes from its potential to change into an extremely virulent human-to-human transmittable pandemic strain. Reducing the probability of this happening requires drastic measures for the control of the spread of avian influenza, measures that include culling large number of poultry, restrictions on movement and trade of poultry products.
Avian influenza is a very complex disease. The pathogen mutates at a high rate, allowing it to jump species barriers and expand its host range. Various strains of avian influenza have been known to infect a large number of wild bird species, a number of species of domestic birds, a number of species of mammals (such as pigs, dogs and horses) as well as humans. The multi-species conglomerate of hosts, that avian influenza creates, poses serious difficulties for tracing and controlling the disease. Because of this complexity, the efforts are directed to reducing the circulation within the poultry population, as the main animal population responsible for the transmitting the disease to humans. The control strategies currently in place target the domestic bird populations and the humans. In the early 2000s only culling was applied in attempt to reduce the spread of the disease. Large numbers of chickens were destroyed, causing significant hardship and economic loss. Nowadays, multiple control strategies are in place: culling, vaccination of poultry, increasing biosecurity.
Modeling can lead the way into understanding the complex epidemiology of avian influenza and the need for mixed control measures to subdue this zoonotic disease with deadly potential. Mathematical and statistical models have been widely used to describe the transmission of avian influenza and to evaluate the effect of control measures. Early models on avian influenza focused on the humans, investigating the potential impact of a hypothetical pandemic and explored strategies for its possible mitigation [17, 19, 18, 30, 35] . Other models focused on the present status quo centered at infection of domestic birds and current control strategies which primarily target poultry. For example, spatial farm-based model treating poultry-farms as units [28] and SIR models for within-flock transmission of H5N1 [41] were developed. The effects of culling [31, 28] and vaccination [24] were extensively studied. Despite the importance of a number of emergent diseases, many of which arise from spill over infections from animals, few models were developed to involve both animals and humans linked by a pathogen. This situation has been changing recently, particularly in relation to AI. The simplest model that captures birds-to-human transmission pathway of H5N1 involves domestic birds and humans [21] . Recognizing the importance of both birds and humans in the transmission and evolution of AI, a number of models involving domestic birds and humans [21, 22, 23, 27] were developed. Some, more elaborate models, even involve wild birds, as well as domestic birds and humans [31, 29, 20, 1] .
In this article we introduce a model of H5N1 avian influenza, human seasonal influenza, and H5N1 pandemic influenza. We address two questions: (1) What is the role of human seasonal influenza in the possible invasion of a H5N1 pandemic strain? (2) What is the efficacy of the control measures, measured as percentage change in H5N1 prevalence in birds and humans, due to 1% change in response parameters? To answer these questions we introduce and investigate a model of avian influenza with human seasonal influenza.
In the next section we introduce our main model. The human part of the model is formulated in two scenarios: (1) Prepandemic scenario model -models the current situation where avian flu infects humans through bird-to-human infection and human flu is endemic. (2) Pandemic scenario model -models a hypothetical scenario in which a pandemic strain emerges and infects humans through human-to-human transmission. In section 3 we introduce the equilibria and reproduction numbers of the model. In section 4 we parameterize the model. The current prepandemic scenario model is parameterized in such a way that the cumulative number of human H5N1 cases agrees with time series data reported by the World Health Organization. The pandemic scenario is parameterized through information from prior pandemics. In section 5 we compute the sensitivities of the reproduction number and the prevalence of H5N1 in birds and humans. We use the sensitivities to rank the current control measures on avian influenza. Section 6 contains summary of our conclusions and discussion.
A model of avian influenza and seasonal human influenza
Low pathogenic avian influenza (LPAI) is endemic in wild birds. More than 100 species of birds grouped in 12 orders are hosts of LPAI viruses [40] . Low pathogenic viruses of the subtypes H5 and H7 have low prevalence in wild birds and are seldom detected by sampling [42, 44] . When low pathogenic strains of the subtypes H5 and H7 are transmitted from wild birds to susceptible domestic birds, such as chicken, ducks and geese, those strains may undergo mutation and become highly pathogenic. The HP H5N1 strains that currently infect poultry, and have started to infect humans, have originated some time in 1996, when highly pathogenic H5N1 virus was isolated from a farmed goose in Guangdong Province, China [43] . Currently, H5N1 HPAI strains are believed to be endemic in the poultry of many Asian countries [10, 31] and outbreaks occur in many countries in Asia, Africa and Europe [37] . One open question about HP H5N1 is whether it is endemic in wild birds, or wild birds become infected with HPAI only through "spill over" infection from the domestic birds. A model, considering both LPAI and HPAI in domestic birds, was introduced in [31] . The model suggests that LPAI in domestic birds occurs only as a result of transmission from wild birds while HPAI persists in domestic birds populations. Because the domes-tic bird populations are reservoir of HP H5N1 viruses and a direct source of infection to humans, in this article, we restrict our attention to highly pathogenic H5N1 avian influenza and we include the domestic bird populations only. Figure 1 : Diagram of the model. Natural birth/recruitment and death rates are omitted as well as the compartment of the jointly infected individuals which is transient.
We will model the epidemic among domestic birds by an SI (Susceptible-Infected) dynamics. Evidence suggest that much of the LPAI transmission occurs through environmental pathways, e.g. contaminated water. The environmental mode of transmission is particularly relevant in the transmission of the LPAI among wild birds (see [4] for associated modeling). However, for the domestic bird populations, who live in restricted spaces, the direct transmission of the HPAI is of primary importance, and it will be the only mode of transmission that we will take into account. Our model assumes no recovery of domestic birds, based on the observed high mortality (90-100%) within 48 hours of infection [11] . Assuming B(t) denotes the number of susceptible domestic birds, and Y (t) denotes the number infected domestic birds (see Table 1 ) we have the following system for the domestic bird population:
where Λ b is the birth rate of the domestic birds, µ b is the natural death rate, and ν b is the disease-induced death rate from HPAI. This model for the domestic birds was introduced by Iwami et al [21] . More complex models involving the two-way transmission pattern wild birds ↔ domestic birds were considered in [20] . The total domestic poultry population is given by P (t) = B(t)+Y (t). The total avian population satisfies a differential equation obtained from the sum of the two equations above:
. This equation is not closed because of the presence of disease-induced mortality.
Notation Meaning
B(t) number of susceptible birds at time t Y (t) number of HPAI-infected birds P (t) total population size of birds S(t) number of susceptible individuals at time t I(t) number of individuals infected with seasonal human influenza R(t) number of recovered individuals from seasonal human influenza
number of humans infected with the bird-to-human transmittable flu strain N(t) total human population size at time t Z(t) number of humans infected with pandemic H5N1 strain J(t) number of humans coinfected with avian and human influenza strains. Highly pathogenic strains of H5N1 have evolved to infect humans through bird-tohuman transmission, thus creating conditions for reassortment with a human strain. Such a reassortment has the potential of creating a highly pathogenic H5N1 strain that is capable of efficient human-to-human transmission. The circulation of seasonal human influenza in the human population has two-fold impact on the creation and invasion of a pandemic H5N1 strain. On the one side, human influenza is expected to provide the genetic material for a hypothetical pandemic strain. Thus the presence and prevalence of human influenza increases the probability of emergence of a pandemic strain. On the other side, the human influenza is a competitor of the pandemic strain, and as such it should impede its ability to invade. To investigate the impact of human influenza on the ability of pandemic influenza to invade and cause a pandemic, we incorporate human influenza into the model. Regarding the human component of the model we consider two scenarios: (1) a prepandemic scenario, which models the current situation of spill over infection with H5N1 into humans and (2) a hypothetical pandemic scenario in which a human-to-human H5N1 pandemic strain has emerged. We model the two scenarios with two separate models so that the first is nested into the second.
Prepandemic scenario model
To introduce the prepandemic scenario human model, we denote by S(t) the number of susceptible humans, by I(t) the number of humans infected with human influenza, by R(t) the number of humans recovered from human influenza. Humans can also become infected with HP H5N1 from domestic birds. This class is denoted by I b (t). The dependent variables are summarized in Table 1 . The human epidemic model for the prepandemic scenario takes the form:
where Λ is the birth/recruitment rate for humans, µ is the natural death rate, β is the transmission rate for human influenza, α is the recovery rate from human influenza, w is the rate at which immunity wanes, β Y is the transmission rate of the bird-tohuman strain, and ν is the H5N1-induced mortality. We assume that all humans who become infected with bird-to-human transmittable H5N1 exit the system. Summary of the parameters is given in Table 2 . The total human population size in the prepandemic scenario is given by N(t) = S(t) + I(t) + R(t) + I b (t). Adding all equations in system (2.2) we see that the total human population size N(t) satisfies the differential equation
Notation Meaning Λ b birth/recruitment rate into the bird population µ b per capita natural death rate of birds β b transmission coefficient of HP H5N1 strains to susceptible birds ν b disease-induced mortality of birds Λ birth/recruitment rate into the population µ per capita natural death rate β transmission coefficient of human influenza A strains to susceptibles w rate of waning of immunity after exposure β Y transmission coefficient of bird-to-human transmittable avian flu strain β J transmission coefficient of bird-to-human transmittable avian flu strain for those infected with human influenza A α per capita recovery rate from the class I ρ per capita mutation rate of the bird-to-human strain into human-to-human transmittable strain ν per capita death rate of infected with bird-to-human flu strain 
Pandemic scenario model
The highly pathogenic H5N1 strain that currently infects humans through bird-to-human transmission, can cause pandemic among humans if it acquires a highly efficient human-to-human transmission mechanism, while retaining high pathogenicity. This can happen if it exchanges genetic components, a process called reassortment, with a human-tohuman transmitted strain, such as seasonal human strain or a pandemic H1N1 strain. This scenario is believed to have given rise to the pathogens that caused the 1957, and 1968 pandemics, and possibly the 1918 pandemic. Reassortment may occur if a human strain and an H5N1 strain infect the same individual simultaneously, that is co-infection occurs with human and avian influenza strains. The role of pigs, which can be infected by both human and avian flu viruses, as a natural "mixing vessel" for genetic reassortment of flu viruses [9] , has been controversial. Reassortment may also occur in humans. To capture the emergence of pandemic strain, we model co-infection [34] in a human host by the avian highly pathogenic H5N1 strain and seasonal human-to-human transmitted flu strain. Such a co-infection may occur for two reasons:
1. Because of the drift human flu strains infect humans repeatedly, sometimes several times in a year.
2. Since 1997, the highly pathogenic H5N1 has been continuously infecting primarily through "spill over" infection to humans in many countries in Asia and Africa.
Several reports have so far been made of possible coinfection of humans with an H5N1 strain and a human strain. One of the co-infection reports was of an Indonesian teen in 2008. The other, of an Egyptian man, suspected of co-infection by H5N1 and the pandemic H1N1 strain in 2009. Both of these reports have not been confirmed in the mainstream medical literature. Although, this far no reliable reports of such co-infection in humans have been made, the risk of reassortment of H5N1 with human flu in a human continues to be significant. We model this exact, currently hypothetical, scenario in which H5N1 and human flu viruses co-infect a human and create spontaneously a pandemic strain trough reassortment. To introduce the pandemic scenario model, let J(t) denote the total number of jointly infected individuals, and Z(t) be the total number of individuals infected with the pandemic H5N1 strain. We assume the emergence of the pandemic H5N1 strain is through reassortment, and hence spontaneous. We model the event with a Dirac delta function. The human part of the pandemic scenario model takes the form:
Parameters introduced in this model in addition to the parameters in model (2.2) include the coefficient β J which denotes the transmission rate of avian H5N1 infection to individuals infected with human influenza. Individuals, first infected with H5N1 are assumed to be too sick to get subsequently infected with human influenza. Hence, such a term does not exist in the equation for I b . Parameters ν J and ν Z denote the duration of infectiousness of jointly infected and of those infected with pandemic influenza respectively. The spontaneous emergence of a pandemic strain at time t 1 is modeled by Dirac delta function δ(t − t 1 ). The mutation rate is ρ.
Equilibria and reproduction numbers
Model (2.1)-(2.3) is an extension of the avian influenza model considered by Iwami et.al. [22, 23] that includes human influenza. This extention allows for the study of the competition of multiple influenza strains -a typical scenario in which a novel pandemic strain invades. For the prepandemic scenario, there are two reproduction numbers: the reproduction number of avian influenza, and the reproduction number of human influenza.
To interpret the reproduction numbers, observe that in the case of human flu, β gives the number of secondary infections that one infected individual will produce in one unit of time. The fraction 1/(µ + ν) gives the number of time units this individual stays infected, and Λ/µ gives the number of susceptible individuals. Thus, the reproduction number gives the secondary number of cases one infected individual will generate in an entirely susceptible population during her lifetime as infectious. The system has the disease-free equilibrium E 0 = (
, 0, 0, 0) which is locally and globally stable if R b 0 < 1 and R 1 < 1 and unstable if at least one of these inequalities does not hold. The bird model (2.1) is independent of the human models. Avian influenza persists in birds, and humans become infected with H5N1 through bird-to-human transmission, if R b 0 > 1. The endemic equilibrium of the model (2.1) in this case is given by (B * , Y * ) where
Prepandemic scenario
The full system of the prepandemic scenario has three more equilibria besides the diseasefree equilibrium: avian influenza dominant equilibrium, human influenza dominant equilibrium, avian and human influenza coexistence equilibrium. The avian influenza dominant equilibrium exists if the reproduction number of avian influenza is greater than one:
where B * and Y * are defined by the expressions above and
3)
The avian strain equilibrium is locally stable if the other strains cannot invade it. The total human population size at equilibrium in this case is given by N * = S * b + I * b . The human influenza dominant equilibrium exists if R 1 > 1 and is given by E 1 = (
where 
reproduction and invasion reproduction numbers and their interpretation
The current prepandemic scenario where human influenza coexists with the spill-over infection of avian influenza in humans is also captured in this model. What conditions give such a scenario? Because avian influenza circulates in domestic birds populations, and infects humans only through their contact with infected birds, it persists if R b 0 > 1. Avian influenza does not compete with human influenza for susceptibles, as human influenza does not infect domestic birds. Human influenza, however, competes with avian influenza for susceptible humans. Hence, it will persist in the presence of avian influenza, if it can invade the the equilibrium of avian influenza. Human and avian influenza coexist in the human population if R b 0 > 1 and the invasion reproduction number of human influenza at the equilibrium of avian influenza is larger than one, that is, ifR > 1 [32, 33] . The invasion reproduction number of human influenza is defined as:
Pandemic scenario
In the presence of the pandemic strain the human system is a domain of competition of three strains: the H5N1 avian flu strain, the human influenza strain and the H5N1 pandemic influenza strain. Conditions for existence, coexistence and competitive exclusion in the presence of more than two strains are not quite well understood. In addition to the two dominance equilibria in the prepandemic model, there is also a dominance equilibrium of the pandemic strain in the pandemic model (2.3). This equilibrium exists if the reproduction number of the pandemic strain is larger that one, that is
where the reproduction number of the pandemic strain is given by:
When all three strains are present in the system, the conditions for existence and invasion of each strain are complex. Analysis of the present system and derivation of reproduction and invasion reproduction numbers is performed in [32] . Here, we consider the case where the pandemic strain invades into the prepandemic scenario of coexistence of the avian influenza and human influenza strains. Even if the pandemic H5N1 strain successfully invades, it cannot displace the avian H5N1 strain. Given, R b 0 > 1, and the fact that the avian strain persists, there are two possible outcomes of the invasion. The first outcome is that the invasion of the pandemic strain may lead to coexistence of all three strains: the avian, the human, and the pandemic. The second outcome is that the pandemic strain may invade and displace the human influenza strain. For the first outcome to occur, that is for all three strains to coexist, we need all reproduction numbers to be greater than one, the human influenza strain to be able to invade the avian strainR > 1 as well as the pandemic strain to be able to invade the avian strainR p > 1. We note that the invasion number of the pandemic strainR p is defined as follows:
.
Furthermore, for all three strains to coexist we need that the human strain can invade the coexistence equilibrium of the avian and pandemic strainsR H > 1, whereR H =R/R p . Finally, we need that the pandemic strain can invade the coexistence equilibrium of the avian and human strains, that isR
In the expression above, I * is the number of infected individuals with human flu in the coexistence equilibrium of avian flu and human flu, given by
The pandemic strain will replace the human strain while invading, ifR H < 1, while the remaining reproduction numbers and invasion reproduction numbers remain larger than one. We note that the above reproduction numbers and invasion reproduction numbers are computed with ρ = 0. For details we refer to [32] .
Parameterization of the model
One of the critical components of modeling is selecting biologically relevant values for the parameters. This can be done entirely by fitting the entire model to data as we do in [31] . We use here as a primary source of time series data the cumulative number of human cases of H5N1 reported by the WHO [45] . However, many of the parameters in the system (2.1)-(2.2) may not be identifiable which means that they will exhibit significant sensitivity to small changes in the cumulative number of human H5N1 cases. This is particularly true is we attempt to fit the full model with the pandemic scenario (2.1)-(2.3). Another approach will be to predetermine biologically realistic values for most of the parameters and fit the remaining few to assure the best agreement with the data. We follow this second approach.
Parameterization of the prepandemic model
Although at present highly pathogenic avian influenza can be found only in avian populations in Europe, Asia, and Africa, we will work with the total population of the world, as in case of pandemic everyone will be affected. First we estimate the parameters associated with the domestic bird population. The Food and Agriculture Organization of the United Nations (FAO) gives statistics on livestock [16] . We present the numbers of the populations of domestic birds for 2008 that we extracted from the web-site in [16] .
To determine parameters we fix the time unit to be years. Other references use days as time unit. The main data source [45] gives the data in days, however, in days the data exhibit periodicity and autonomous model is not appropriate [31] . We set the world domestic poultry population at 2060 × 10 . Because of the enormous public health concern, there are more data available on human infections that can serve to estimate the parameters in the human part of the model (2.2). Seasonal human influenza has been largely investigated, including with differential equation models [13] . For instance, individuals infected with human influenza shed the virus for a period of 2 to 10 days, which puts α in the range 36.5 − 182.5 years −1 . We take a mean value of 6 days, thus α = 365/6 years −1 . Loss of immunity in seasonal influenza is assumed to happen in at least one year. Since Smith et al. [39] find that antigenically distinct clusters of influenza appear every 2-8 years, we assume that ω = 1/2. Natural lifespan of humans throughout the world varies significantly from country to country. We take an average value of human lifespan to be 65 years [46] , therefore µ = 1/65. World human population is approximately 6.5 billion. That gives a value of Λ = 1000 births per year in units of 10 5 individuals. To estimate the transmission rate β of the seasonal human influenza, we use the fact that Chowell et al. estimate the reproduction number of seasonal influenza to be R 1 = 1.3 [13] . With the values of the other estimated parameters in the reproduction number that gives β ≈ 0.00122. Various sources [23, 14] give the mean duration of infectiousness in humans of the bird-to-human avian influenza strain of 10 days which gives ν = 36.5 years −1 . The remaining parameters are adjusted so that the cumulative number of human cases agrees with the data given by WHO [45] . Estimated parameters are listed in Table 5 . Those give a reproduction number of H5N1 R b 0 ≈ 1.1, quite consistent with the estimate provided in [5] .
We test the predictive capabilities of our model against the yearly number of H5N1 human cases (see Figure 2 ) and the cumulative number of H5N1 human cases given by the WHO [45] . WHO gives the cumulative number of cases by day. However, the daily data clearly exhibit periodicity, which cannot easily be captured by our autonomous model. We lump the data into half year periods. Each point in the figure contains the number of cases in the period January-June or July-December. The half-year data also exhibit slight periodicity which is averaged by the model. The data that WHO provides is dynamic, that is, as time passes by, WHO adds additional data points to the set. We used the data from January 2005 to December 2010 to estimate the parameters of the model (see Figure 3 ). Since January 2011 we have been comparing the model predictions with the data coming from WHO. The model is actually capable of predicting the cumulative number of cases on any day -just the position of the day on the time axes has to be computed in years. Table 5 and β Z = 0.00277, ν Z = 60, and R 2 = 3. In the above simulation ρ = β J = 0 and Z(0) = 0.00001, ν J = 0.1 * 365.
Parameterization of the pandemic model
In the absence of data, the dynamics described by the last two equations of the pandemic scenario model (2.3) are presently hypothetical. One reasonable assumption is to consider the virulence of the evolved human-to-human transmitted pandemic strain to be the same as the bird-to-human transmitted HP H5N1 strain, that is ν = ν Z . That will give a value of ν Z = 36.5 per year. This assumption is likely to over-estimate the virulence of the pandemic strain. The relevant parameters can also be estimated using data on historical pandemics. Considering the 1918 Spanish flu as a worst case scenario we may estimate the infectious period from [36] . Article [36] gives duration of infectiousness of the 1918 pandemic strain of 1-8 days (see supplemental Figure 1 ) with highest proportion of individuals being infected for 3-4 days and expected mean duration of infectiousness of 4.1 days. That gives virulence rate of the pandemic strain of ν Z = 89 per year. Furthermore, estimates of the reproduction number of the 1918 pandemic give value of 2-3 [36] , while the reproduction number of the novel H1N1 strain that caused the pandemic of 2009 is 1.75 [2] .
To understand the variability of model output relative to the variability of the pandemic strain parameters ν Z , and β Z , we simulated the model with a variety of parameters, chosen so that 2 ≤ R 2 ≤ 3 and 36.5 ≤ ν Z ≤ 89 and the remaining parameters taken from Table 5 . Our simulations suggested that for any choice of the pandemic parameters from these ranges, the outcome of the dynamic simulation was similar. In all cases the pandemic strain invaded and persisted in the population, while the human influenza strain was eliminated. These numerical observations are confirmed with the values of the reproduction numbers and invasion reproduction numbers for different values of the pandemic strain parameters listed in Table 6 . As seen in the table the invasion reproduction number of the human influenza strain is less than one, while the invasion reproduction number of the pandemic strain at the equilibrium of the avian and the human strain is greater than one. Outcome of the simulations for one parameter set are given in Figure 4 . Our ultimate goal in developing mathematical models of pandemic influenza is to devise control strategies that may be put in place in case of an emergency. The control measures for H5N1 which is currently a Phase 3 pandemic can be divided into two categories:
A. Preventive measures, that is measures that are currently in place to delay or prevent the emergence of a pandemic H5N1 strain. These are measures that we employ now in the prepandemic scenario. These measures currently involve:
-Vaccination of poultry;
-Culling/destroying infected and potentially exposed poultry;
-Reducing contact with poultry by wearing protective gear;
-Isolation of infected with H5N1 humans; tracing source of infection;
-Increasing biosecurity of poultry rearing;
-Education of poultry workers and health personnel.
B. Pandemic control measures, that is measures that could be/should be put in place in case a human-to-human transmittable strain emerges. Those include:
-Isolation of infected individuals and quarantine of potential contacts in humans;
-Social distancing;
-Vaccination against the pandemic H5N1 strain.
All these measures impact various parameters of the model. In this section we investigate how percentage change in key parameters in the model affect (change) the reproduction numbers, invasion reproduction numbers and prevalence levels of H5N1 at equilibrium.
In the prepandemic scenario, the most important parameter to reduce is the reproduction number of avian influenza, R b 0 . If this reproduction number is brought below one, then the H5N1 infection in birds and the resulting "spill over" infection in humans will be eliminated. Even if the reproduction number of avian influenza cannot be brought below one, sensitivity analysis may help determine which parameters, if acted upon, will bring the largest reduction in the number of human infections I * b . In the prepandemic scenario, the control measures in place can influence the following parameters: β b , µ b , ν b , β Y , and others. Vaccination of poultry reduces succeptibility of susceptible individuals, and decreases β b . It may also decrease the duration of infectiousness in poultry, ν b . Vaccination is a currently wide spread but rather controversial measure of prevention [12] because it has the potential of masking the disease, and allowing for a widely asymptomatic spread. Spread of HP H5N1 avian influenza among poultry is currently kept in check with culling of infected and exposed birds. That measure affects ν b and µ b . Wearing protective clothing when handling poultry, affects the transmission rate from domestic birds to humans, β Y . Increasing public awareness in the affected countries about the HP H5N1, the dangers of it, and the measures that have to be taken, is a measure that could potentially affect a number of parameters, including β Y , β b and ν b .
Sensitivity indices measure the percentage change of a key quantity, such as the avian influenza reproduction number, in response to a percentage change of a parameter in that quantity. The normalized sensitivity index, also called elasticity of the quantity Q with respect to the parameter p, is defined as follows [47] :
Elasticities can be positive or negative. Positive sign says that quantity Q increases with the increase in parameter p, while a negative sign says that quantity Q decreases with increase of parameter p.
Elasticities of the reproduction numbers and H5N1 prevalence in birds and humans
In this subsection we compute the elasticity indeces of the avian strain reproduction number, as well as the elasticities of the prevalence of H5N1 in birds and humans. The reproduction number R 
Several conclusions can be drawn from these formulas. The first, and foremost, is a conservation law for the reproduction number. The conservation law for the reproduction number states that the sum of all elasticities of the reproduction number is equal to zero:
The conservation law means that if all parameters in the reproduction number are increased (decreased) by the same percentage, the reproduction number remains unchanged in value. The conservation law will hold for R 1 and R 2 , although we would not verify. Conservation law means that the reproduction number is a homogeneous function of degree zero with respect to all its parameters. This property of the reproduction number is not entirely surprising, as the reproduction number remains invariant to change in units. Second, it is obvious from the values that the reproduction number will experience highest impact with change to poultry natural death rate µ b . In general acting on any of the parameters produces similar change in the reproduction number.
As the reproduction number of avian influenza is larger than one, and it is well known that the pathogen is endemic in poultry populations in some countries, we investigate what measures may reduce the prevalence of H5N1 among poultry or in humans through spill over infection. Elasticities of the prevalence of infection among domestic birds Y * and H5N1 in humans I * b are given in Table 7 . .
It can be verified that the sum of the elasticities with respect to all parameters of both Y * and I * b is zero. In other words, the prevalence of the disease in birds and humans satisfy the conservation law. In particular, we have,
The elasticity of I * b with respect to Λ is one, as I * b is proportional to Λ. The sum of elasticities of I * b with respect to all parameters is zero. Furthermore, the total elasticity with respect to bird parameters only or human parameters only are also zero, that is,
As with the avian influenza reproduction number, the elasticities with respect to all parameters of the the H5N1 prevalence in birds Y * are fairly similar. The equilibrium prevalence Y * changes more with respect to duration of infectiousness ν b compared to the change experienced with respect to β b . Vaccination replaced culling as a dominant strategy for control of avian influenza in 2005 when novel methods for distinguishing between vaccinated and infected birds became available [6] . Vaccination affects β b and possibly ν b , while culling with repopulation affects µ b , ν b and Λ b . The prevalence of H5N1 among humans I * b changes significantly more with respect to poultry-related parameters β b , ν b and µ b then with respect to the human-related parameters (see Figure  5 ). . Positive sensitivities are in blue, and negative sensitivities are in red. The H5N1 prevalence in humans is far more sensitive to the poultry parameters, rather than to the human parameters.
A surprising result from the elasticity analysis of the I * b is that the human H5N1 prevalence exhibits relatively low sensitivity to the transmission rate from birds to humans β Y , which suggests that the use of protective gear has relatively low efficacy. This may be the case since the transmission rate from birds to humans β Y is estimated to be very small.
Efficacy of control measures
Evaluating the efficacy of multiple control measures, applied in different countries, is a non-trivial task. Key difficulties for direct evaluation involve: (1) Lack of hard-core data of sufficient quality and quantity; (2) Lack of methods or tools to separate the effect of the various control measures on the outcomes; (3) Difficulty in estimating what the status would have been if the control measures were not implemented. Because the direct estimation of the efficacy of the control measures is very hard, indirect methods are often applied. For instance, a study of the efficacy of control measures on avian influenza in a number of developing countries [3] estimates those efficacies based on expert opinions. This approach has the advantage of capturing the predominant view on the control measures but is largely subjective. Here, we apply a different, more objective approach. In this framework, we define the efficacy of control measure A to be given by the combined elasticity of the prevalence of H5N1 in humans in response to the key parameters influenced by the control measure A. For instance, culling without repopulation affects the average lifespan of poultry 1/µ b and the average duration of infectiousness 1/ν b . Since both the average lifespan of poultry and the average duration of infectiousness decrease when culling is performed, that means that culling increases µ b and ν b . The efficacy of culling without repopulation, under this definition, is measured by the combined elasticity of I b to 1% increase in both µ b and ν b . Thus the efficacy of culling is 22.92%. In other words, if culling increases the death rate of poultry and the disease-induced death rate by 1%, the prevalence of H5N1 in humans I * b will decrease by 22.92%. Similarly, vaccination of poultry decreases infectivity and susceptibility both of which affect β b . Furthermore, it decreases the duration of infectiousness, that is it increases ν b . The efficacy of vaccination, under this definition, is measured by the combined elasiticity of I b to 1% decrease in β b and 1% increase in ν b . Thus the efficacy of culling is 22.76%. In other words, if vaccination decreases the transmission rate β b by 1% and increases the disease-induced death rate by 1%, the prevalence of H5N1 in humans I * b will decrease by 22.76%. We can conclude that culling without repopulation is slightly more effective than vaccination. We compare and rank the key control measures based on their efficacies in Table 8 Table 8 suggests that culling without immediate repopulation and vaccination are the two most effective control measures in reducing H5N1 prevalence in birds and humans. They are followed by biosecurity and culling with repopulation. A surprising outcome of Table 8 is that wearing protective gear while hadling poultry is not a very effective control measure in preventing infection of humans. That result may be explained with the very small transmission rate poultry −→ humans. This approach is not very suitable for evaluating the efficacy of education as the impact of education on the parameters of the model is not very well defined.
Our rankings compare favorably with the efficacy conclusions in [3] . Birol et al. also rank culling as one of the most efficacious control measures. Biosecurity comes second, particularly in the case of commercial poultry. Vaccination comes third. Vaccination ranks better than biosecurity for semi-commercial poultry. Overall, culling, vaccination and biosecurity are the three most applied and most efficacious control measures for avian influenza.
magnitude of this impact we compute the elasticity index for our parameter set
We see that although such a dependence exists, for realistic parameter values the sensitivity of the invasion number to Y * is extremely low and this dependence is very weak. The sensitivity of the pandemic strain invasion number with respect to the prevalence of human influenza is more pronounced but still relatively small. In particular, 1% increase of the number of infected with human influenza will decrease the invasion capabilities of the pandemic strain with 0.006%.
Discussion
Sixty percent of the emergent pathogens in humans start just as avian influenza is today -as a zoonotic disease at the animal-human interface [38] . Avian influenza is a model of emergent disease, one with deadly potential. If it is studied today, it is so much more likely that a pandemic, should one occur, will be suscessfully mitigated tomorrow.
Avian influenza is a very complex disease, involving multiple species linked by a highly mutable pathogen. There is no unique control strategy that can work in all cases, for all spieces, and in all countries. Detangeling the complexity of avian influenza epidemiology, ecology and control is precisely where mathematical models can be most effective. In particular mathematical models can assist in: (1) providing evaluation of current measures; (2) investigating hypothetical scenarios, and (3) making predictions based on data and scientific information.
In this article we introduce a mathematical model of avian influenza affecting domestic birds and humans, and seassonal human influenza. We introduce two scenarios: (1) A prepandemic scenario where avian influenza circulates in domestic birds, human influenza circulates in humans, and avian influenza infects humans through bird-to-human transmission. That is the current scenario in place. (2) A pandemic scenario in which a pandemic human-to-human transmittable H5N1 strain invades in the human population.
The parameters of the models are estimated from bird and human demographic and epidemiological data. The transmission parameters of bird-to-bird transmission and bird-to-human transmission of avian influenza are estimated so that the cumulative number of human H5N1 cases, as predicted by the model, agrees with time-series data given by the WHO [45] . The model has the potential for forcasting future human H5N1 cases, at least in the case when the current trend in infections continues.
A major drawback of the models considered here is the lack of consideration of spatial features in the transmission dyamics of avian influenza. Introducing spatial farm-based structure treating poultry-farms as units may have significant effect on the transmission parameters of bird-to-bird transmission and bird-to-human transmission of avian influenza. Such extension of the present models will be interesting to be considered in future endeavors.
The prepandemic scenario model is also used to evaluate current control strategies. The control strategies are ranked based on the elasticity index of the H5N1 prevalence with respect to key parameters whose values are affected by a given control strategy. We find that in general control strategies applied to poultry (such as culling or vaccination) are far more effective in reducing prevalence in humans than control strategies applied to humans (such as wearing protective gear). More specifically, we find that culling without repopulation and vaccination are the two most effective strategies where 1% change in the affected parameters will decrease the H5N1 human prevalence by more than 22%. A surprising result of this analysis is that wearing protective gear is a control measure of very low effectiveness. Presumably this conclusion stems from the fact that the bird-to-human transmission rate is very small -we estimate it in the order of 10 −9 . For the pandemic scenario, parameters are hypothetical. We simulated with a range of parameters which give a reproduction number of the pandemic strain between 2-3 and disease-induced mortality rate in the range 36.5-89. The larger than one reproduction number of the pandemic strain does not necessarily mean that it will invade. The outcome of the competition between the seasonal influenza strain and the pandemic strain depends on their invasion numbers. For the range of parameter values that we investigated for the pandemic strain, the outcome always was that the pandemic strain will invade and eliminate the seasonal influenzaflu strain. A more surprising conclusion of this analysis is that the lower the human influenza prevalence in the human population, the higher the chance of the pandemic strain to invade. Our analysis suggests that this effect is not very pronounced -lowering the prevalence of human influenza by 1% increases the chance of invasion of the pandemic strain by 0.006%. Still, carrying out control measures that lower human influenza prevalence, such as mass seasonal flu vaccination, in the wake of a pandemic strain invasion, seems questionable. Such mass seasonal influenza vaccination was carried out in the fall of 2009, just before the fall wave of the pandemic H1N1 strain. Our results show that such a campaign vaccination makes little sense on epidemiological level. One may argue that on personal level, however, the seasonal influenza vaccination may improve the overall health of individuals and leave them susceptible only to the pandemic strain. In the fall of 2010, however, reports of increased risk of infection with the pandemic H1N1 strain after seasonal flu vaccination also appeared in the literature [25] . So even on personal level obtaining seasonal flu vaccine before a pandemic may increase the risk of acquiring the pandemic strain.
Mathematical models, particularly the ones that are linked to data, can help illucidate the complex ecology, epidemiology and evolution of avian influenza. Such models can assist in evaluating the mutiple control strategies. The model presented here captures the lumped effect accross many countries which have different environmental conditions and apply different mixure of control strategies; however, this model can serve as a starting point for the development of models specific for each geographic region.
